We consider specific features of the formation of localized surface waves at the interface between linear dielectric and photorefractive crystals with a nonlocal diffusion component of nonlinear response. Profiles of the surface waves are numerically found and guiding properties of the surface are investigated. Stability of the obtained surface waves is considered and it is shown that the well-known Vakhitov-Kolokolov stability criterion derived for the local Kerr or saturable material remains legible for the medium with a nonlocal diffusion component of nonlinear response.
I. INTRODUCTION
Among the classical problems of nonlinear optics is the problem of propagation of the laser beam near the boundary of two media exhibiting different optical properties. The most interesting from the practical point of view is the case of a boundary between nonlinear optical materials. The propagation of the laser beams near the boundaries between Kerr materials ͑see, for instance, ͓1-6͔ for the case of the linear-nonlinear boundary and ͓7͔ for the case of the nonlinear-nonlinear boundary͒, quadratic optical materials ͓8͔, as well as propagation at the boundary of the Kerr medium and absorbing medium ͓9͔ were already considered in great detail. From a mathematical point of view the problem of interaction of the laser beam with a surface consists of a solution of the equation that belongs to the wide class of nonlinear Schrödinger equations with coefficients, depending on the transverse coordinates. The absence of the translation symmetry in the transverse direction results in this case in the appearance of the structures localized at the boundary between different materials that nevertheless cannot be found with the aid of the methods of the inverse scattering technique even in the case of Kerr nonlinearity.
Starting from the simplest cases of Kerr nonlinear optical materials investigations were carried out to the materials with more complicated nonlinear properties. Recent achievements ͓10,11͔ in the generation of optical solitons in photorefractive crystals exhibiting high nonlinear properties at low light intensities have encouraged intense investigations of the photorefractive surface waves. In Ref. ͓12͔ specific properties of ''delocalized'' photorefractive surface waves at the boundary between the unbiased photorefractive medium with purely diffusion logarithmic nonlinearity and linear dielectric or an ideal metal were described. Such delocalized surface waves actually have infinite energy due to the presence of the long slowly decaying oscillating tails going away into the volume of the photorefractive sample ͑see Ref. ͓13͔ for experimental observation of such waves͒. Formation of the surface wave in this case occurs due the interference between waves reflected from the boundary and Bragg grating formed in the photorefractive sample volume ͓12͔. Later ͓14,15͔ stable near-surface localized beam propagation in the presence of both drift and diffusion photorefractive nonlinearity ͑in the limit of a high dark irradiance level͒ was interpreted as the result of the stable balance between the effect of total internal reflection from the less optically dense linear medium and the effect of beam self-bending due to the diffusion component of photorefractive nonlinear response ͓16-19͔. In Ref.
͓15͔ an analogy between optical solitons and mechanical particles was used to derive an ordinary differential equation of the second order describing the trajectory of the nearboundary beam propagation.
The transient regime of the near-boundary beam propagation has also gained steady attention ͓20-22͔. It was motivated by the fact that the main feature of any photorefractive devise is slow response time-but in general the response time is inversely proportional to the light intensity. However, the laser beam can be self-channeled along the surface of the photorefractive crystal, thus enhancing the intensity in the narrow surface layer and speeding up the photorefractive response ͓22͔. It was shown ͓20͔ that in the transient regime the diffusion component of photorefractive response leads to the strong light-induced scattering known as the fanning effect.
Another intriguing and important issue is the stability of the localized surface waves ͓2-7͔. It was shown in ͓23͔ that the generalized Vakhitov-Kolokolov ͑VK͒ stability criterion that was initially derived for the solitons in a saturable focusing optical medium for two transverse dimensions ͓24͔ provides also the stability of the fundamental modes on arbitrary nonlinear waveguiding of both one and two transverse dimensions, including solitons of local homogeneous material and nonlinear surface waves at the interface be-tween two local homogeneous nonlinear materials. The simplicity of the method that enables us to make a conclusion about the stability by reading the corresponding dispersion diagrams ͑dependencies of the mode energies on the value of propagation constant͒ without further calculations makes it very attractive and calls for the further extension on the cases of more complicated models. At the present moment VK criterion with corresponding modifications was extended to the surface waves in multilayered optical structures, solitons in quadratic optical materials, solitons in the medium with competing quadratic and cubic nonlinearities, and solitons of the set of incoherently coupled nonlinear Schrödinger equations ͑for the comprehensive review see Refs. ͓25-34͔͒. However, stability of the surface waves in the presence of the nonlocal component of the nonlinear response have not been addressed so far.
In the present paper we consider surface waves at the interface between the linear dielectric and photorefractive medium with local drift and nonlocal diffusion components of the nonlinear response for the arbitrary dark irradiance level. We have numerically found profiles of the surface waves, investigate guiding properties of the boundary, and perform the linear stability analysis of the obtained solutions.
II. THEORETICAL MODEL
We consider propagation of the slit laser beam ͑transverse extent of the beam along the y axis greatly exceeds that along the x axis͒ in the direction of the longitudinal z axis near the boundary between the linear dielectric and nonlinear photorefractive medium with drift and diffusion components of nonlinear response. It is supposed that the linear dielectric occupies an area xу0, whereas the nonlinear photorefractive medium occupies an area xϽ0. The laser beam is linearly polarized along the x axis. The width of the transition area between the linear and nonlinear media ͑which is always nonzero in a real experiment͒ is supposed to be small compared with the characteristic extent of the laser beam in the x direction and does not affect the profiles of the surface waves. As will be shown later, propagation of the laser beam in such a geometry can be described with one shortened wave equation regarding the complex x-dependent amplitude of the light field. Inclusion of the y component of the optical field obviously results in a more complicated set of coupled nonlinear equations for the polarization components of the surface waves and the appearance of a number of new effects affecting, for example the stability of the surface waves ͑i.e., the appearance of polarization instability͒ and their properties with respect to interaction with other light beams. Moreover, even the propagation of one-component slit laser beams that are widely used in photorefractives for the verification of new theoretical predictions is affected by the development of modulation instability. In our case such instability will unavoidably result in gradual filamentation of the near-surface laser beam in the transverse y direction because the presence of the diffusion component of the photorefractive response extends the bandwidth of the modulation instability domain up to infinity, so any y-dependent perturbation with an arbitrary spatial period will grow up exponentially in the propagation process. However, the rate of this process strongly depends on the spatial period of perturbation and quickly decreases with a decrease of the perturbation period.
To describe the propagation of the laser beam in the area of a nonlinear photorefractive medium (xϽ0) we proceed with consideration of the material response of the medium, which in the two-dimensional case can be described by the following standard system of equations for the internal space-charge field E sc (x,z,t) produced by the photoinduced redistribution of the spatial charge ͓35͔:
Here n e , n d , n d ϩ , and n a are the concentrations of the free carriers, donors, ionized donors, and acceptors, respectively; j is the charge current; is the photoionization cross section; I is the intensity of the light beam; I dark describes the dark irradiance level that can be increased due to the introduction of the incoherent background illumination; ␥ r is the pair recombination rate; e and are the charge and mobility of the free carriers ͑negative for the electrons and positive for the holes͒; is the static dielectric constant of the photorefractive medium; k b is the Boltzmann constant; T is the absolute temperature; and E 0 is the static electric field applied to the photorefractive medium in the transverse x direction. In the area of linear dielectric (xу0) material equations take the form of a linear relation between electrical displacement and internal electric field. The material equations in both linear and nonlinear media are completed by the standard shortened wave equations for the complex slowly evolving amplitudes of the light field A(x,z,t),
written in the paraxial approximation. In Eqs. ͑2͒ k 0 ϭn 0 /c is the wave number in the area of the linear dielectric; kϭn/c is the wave number in the area of the photorefractive medium; n 0 is the dielectric refractive index; n is the unperturbed linear refractive index of the photorefractive medium; is the carrying frequency of the laser radiation; ␦nϭϪ(1/2)r eff n optic effect; r eff is the effective electro-optic coefficient. Equations ͑1͒ and ͑2͒ form the closed self-consistent system that enables one to describe the interdependence of the spatial distribution of the light intensity in the incident beam and internal space-charge field E sc in the area of a nonlinear photorefractive medium or free diffraction in the area of a linear dielectric.
Further we consider material equations ͑1͒ in the steady state, when ‫.0→‪t‬ץ/ץ‬ Under typical for the photorefractive crystals assumption n a ӷn e , the system ͑1͒ can be resolved with respect to the internal space-charge field E sc (x,z,t), which in the first order ͑see for derivation ͓18,19͔͒ is given by expression
Ϫ1 . Substituting an internal field in such form into the shortened wave equations ͑2͒ and performing the standard normalization procedure one can finally obtain the following evolution equations for the normalized complex amplitude of the light field q(,) in the areas of linear dielectric (у0) and nonlinear photorefractive medium (Ͻ0): 0 2 )x 0 2 ϪS Ϫ1 describes the waveguiding properties of the boundary and can take both positive and negative signs ͑corresponding to the two different types of reflection from the interface in linear approximation: ''internal'' reflection when the refractive index of photorefractive materials exceeds that of the dielectric and ''external'' reflection when the dielectric have higher refractive index than photorefractive material͒.
The first term in the right-hand side of Eq. ͑3b͒ describes the diffraction spreading of the light beam; the second one accounts for the beam refraction in the presence of the guiding structure ͑boundary͒; the third one describes the selffocusing of the beam due to the local drift component of nonlinear response and, finally, the last term accounts for the effects of self-bending of the beam in the propagation process due to the stimulated transfer of the energy from the lower-frequency spatial components into the high-frequency components. Equations ͑3͒ should be completed with conditions of continuity of both function q and ‫ץ/‪q‬ץ‬ at the point ϭ0 that corresponds, respectively, to the continuity of the tangential component of the electric field and normal component of the magnetic field at the boundary. There are several regimes of propagation of the laser beam near the boundary ͓15͔. If the laser beam is launched into the photorefractive medium far from the boundary, it self-bends toward the boundary in the process of propagation, thus acquiring a definite incidence angle when it approaches the boundary. If the incidence angle exceeds the total internal reflection angle, the beam experience total internal reflection that results in periodic near-boundary oscillations. If the incidence angle is less then the total internal reflection angle, the beam can be partially refracted into the linear dielectric medium and the experience diffraction spreading. Formation of the stationary surface waves corresponds in this case to the launching of the beam close to the boundary and the exact balance between the competing processes of reflection from a less optically dense linear dielectric and beam selfbending toward the boundary. Equations analogous to Eqs. ͑3͒ were used in Ref. ͓15͔ to derive the ordinary differential equation of the second order describing a near-boundary beam trajectory in the limit of a considerable dark irradiance level ͑that corresponds to S→0͒.
Typical experimentally achievable values of parameters S and for the SnBaNb crystal and beams of the He-Ne laser with intensities of the order of W/cm 2 at a wavelength ϭ633 nm, for the input beam radius x 0 ϳ50 m, the effective electro-optic coefficient r eff ϭ2.5ϫ10 Ϫ10 m/V, the unperturbed refractive index nϭ2.35, the crystal temperature Tϭ300 K, and an external electric field E 0 ϭ6ϫ10 3 V/m is of the order of Sϳ1 and ϳ0.1. Guiding parameter p varies within rather wide frames depending on the difference between the refractive index n 0 of the linear dielectric and unperturbed refractive index n of nonlinear photorefractive medium.
In this paper we concentrate solely on the investigation of specific features of the stationary surface waves existing at the boundary, we numerically calculate profiles of the surface waves of the different orders and corresponding dispersion diagrams, and both numerically and analytically consider stability of the obtained solutions with respect to small perturbations of the input profiles.
III. STATIONARY PROFILES OF THE SURFACE WAVES
To find stationary localized solutions of the system of equations ͑3͒, describing profiles of the surface waves we write the field of the wave in the form q(,) ϭ()exp(ib), where a purely real wave shape ()→0, as →Ϯϱ, and b being the real propagation constant. Substituting a wave field in such form into the shortened wave equations ͑3͒ we obtain the ordinary differential equations of the second order regarding ͑͒, acter of the photorefractive nonlinear response and the presence of the nonlocal diffusion component the system of equations ͑4͒ cannot be solved analytically and numerical integration is necessary. To find the stationary solutions of system ͑4͒ we use the shooting method that enables one to transform a two-point boundary problem into a Caushy problem. The starting conditions were chosen using the fact that in the area of linear dielectric the first of Eqs. ͑4͒ admits exact analytical solution ()ϭm exp͓Ϫ (2b) 1/2 ͔, where m is the free parameter describing the strength of the nonlinear effects.
Varying the values of parameters b, S, , and m we obtain various profiles of the surface waves available at the boundary between the linear dielectric and photorefractive medium. Note that the saturation parameter S is inversely proportional to the static electric field E 0 applied to the photorefractive medium. The diffusion parameter is also inversely proportional to the static electric field E 0 and increases with a decrease of the input beam radius. Parameter m in fact defines the amplitude of the nonlinear surface wave and consequently its propagation constant b. It is rather convenient to classify all possible types of solutions of the system ͑4͒ using quite general treatment, based on the direct analogy of Eqs. ͑4͒ for the envelope of the surface modes and the equation describing the motion of the mechanical particle in the potential well with nonlinear dissipation, where the wave amplitude is equivalent to the particle position ͑or shift from the equilibrium point͒, and transverse coordinate is equivalent to time. One can see that in the area of the nonlinear photorefractive medium ( Ͻ0) Eq. ͑4b͒ can be rewritten in the following form:
where U and T are, respectively, potential and kinetic energies of the particle with unity mass, and the right-hand side of the first of Eqs. ͑5͒ describes the force of nonlinear friction which is proportional to the square of the particle speed d/d and parameter describing the strength of diffusion effects. The typical profiles of the potential U() for the various values of propagation constant b, guiding parameter p, and saturation parameter S are presented in Fig. 1 . Note that the potential U() is symmetric with respect to the point ϭ0, so in the figure we present only the right part of the potential corresponding to the positive values of . One can see that the profile of the potential well U experiences qualitative transformations with a change of the sign of the propagation constant b, which in turn affects the character of the possible particle motions described by Eqs. ͑5͒, and, finally, profiles of corresponding surface modes.
In the case of the positive difference between the guiding parameter and the propagation constant pϪbϾ0 potential U has one stable stationary point ϭ0 ͑curve a in Fig. 1͒ , i.e., this point is a local minimum of potential U so dU( ϭ0)/dϭ0 and d 2 U(ϭ0)/d 2 Ͼ0 ͑note that the local maximum corresponds to the negative second derivative
In this case a mechanical particle with nonzero initial energy UϩT describing the corresponding surface mode will experience decaying oscillations ͑with a change of in the ''negative'' direction from 0 to Ϫϱ͒, moving periodically from the right wing of the potential well ͑positive ͒ to the left wing ͑negative ͒, and consequently losing its energy due to the influence of nonlinear friction. As → Ϫϱ a particle asymptotically approaches the stable stationary point ϭ0. This type of particle motion corresponds to the well-known delocalized surface waves ͓12͔ having long oscillating tails in the volume of the photorefractive medium. Typical profiles of such waves are shown in Fig. 2 . Careful numerical integration of Eqs. ͑4͒ and an analysis of the asymptotic expression
͖ for the wave shapes at →Ϫϱ show that delocalized surface waves have infinite energy due to the very slow decay of the oscillating tail. Hence, stability of the delocalized surface waves is still an open question.
In the case of the values of propagation constants b matching the relations 0ϾpϪbϾϪ1/S the potential U has two stable ϭϮ͕(bϪp)/͓1ϪS(bϪp)͔͖ 1/2 ͑local minimums͒ and one unstable ϭ0 ͑local maximum͒ stationary points ͑see curve b in Fig. 1͒ . A mechanical particle with nonzero initial energy UϩT will be periodically transferred in this case from the right wing of the potential well into the left wing. However, the particle consequently loses its energy due to the influence of nonlinear friction and at the certain moment ͑at certain ͒ the kinetic energy becomes too small for the next transfer through the unstable stationary point ϭ0, so the particle either asymptotically approaches the unstable stationary point ϭ0 or remains located in one of the wings of the potential well and asymptotically approaches one of the stable stationary points ϭϮ͕(
. The second case corresponds to the shock surface waves ͓36͔ having infinite energy and nonzero asymptotics at →Ϫϱ. Typical profiles of the shock surface waves of the first three orders are presented in Fig. 3 ͑further we define the order of the surface wave as a number of wave zeros plus one͒. One can see from Fig. 3 that at the → Ϫϱ surface shock waves have the form of decaying oscillations superimposed at the constant background where height is given by expressions for position of the stable stationary point. The amplitude of oscillations and decay rate increases with an increase of the value of the diffusion parameter . Note that the shock waves presented above are highly unstable in the diffusion medium since they have zero harmonic in the spatial spectrum and are affected by modulation instability.
Most interesting from a practical point of view is the case when a particle describing the profile of surface waves asymptotically approaches an unstable stationary point ϭ0 ͑we still consider the interval 0ϾpϪbϾϪ1/S͒. This situation corresponds to the formation of the localized surface waves. There are two conventionally distinct types of the localized surface waves corresponding to the negative and positive values of the guiding parameter p. Typical profiles of the localized surface waves for a positive value of p are presented in the inset in Fig. 4 , whereas profiles for a negative value of p are presented in Fig. 5 . The main difference between these two regimes is that the surface wave corresponding to negative p can have a long slowly decaying tail in linear medium so the considerable part of the energy of the surface wave can be concentrated in the area of the dielectric, whereas for positive p the part of the energy concentrated in the nonlinear photorefractive medium is always higher than that in the dielectric ͑compare Figs. 4 and 5͒. This is a consequence of the fact that for negative p relation bϪpϾ0 is matched for all bу0, thus providing unlimited growth of mode energy
as b→0 according to the exact expression for the surface wave shape in the area of linear dielectric () ϭm exp͓Ϫ (2b) 1/2 ͔ that follows from Eq. ͑4a͒. Dispersion diagrams ͑dependence of the mode energy w on the value of the propagation constant b͒ for the first three surface modes and negative guiding parameter p are shown in Fig. 5 . As for the case of a boundary between the dielectric and the Kerr medium ͓2͔ dependence of energy on the propagation constant is nonmonotonic. For the case of positive values of the p mode energy w goes to zero as b→p and monotonically increases with an increase of the propagation constant b ͑see Fig. 4 with dispersion diagrams for the first three surface modes͒. It will be shown further that this characteristic behavior of dispersion curves in the presence of a nonlocal diffusion component of photorefractive response can be associated with linear stability or instability of corresponding surface modes just as for the case of the local Kerr material. Note the following characteristic feature of the profiles of localized surface waves: starting from the values of nϭ2 the profiles of the (nϩ1)-order wave without the first closest to the boundary period coincide with the profiles of the n-order wave without the first half-period. With an increase of mode energy the profile of the surface mode becomes more and more asymmetric. This is due to the influence of the diffusion component of nonlinear response. The position of the intensity maximum shifts toward the boundary because for the compensation of the influence of self-bending effects ͑which is approximately proportional to the fourth power of the wave amplitude͒ it is necessary to increase the strength of the boundary effects. As propagation constant b approaches the approximate value pϩ1/S the mode energy goes to infinity-the mode amplitude in this case increases whereas the characteristic transverse extent decreases. In the limit of high amplitudes Eq. ͑4b͒ can be linearized and admits the following analytical solution ()ϭm exp(2S Ϫ1 )
͔, giving the more accurate than pϩ1/S estimate of the upper limiting value of the propagation constant b at which localized surface waves are still possible,
As for the usual saturable optical medium an increase of the saturation parameter S at fixed and p results in the flattening of the corresponding profiles of the surface modes, i.e., in an increase of the characteristic transverse extent of the modes ͑full width at half maximum͒ with the same energies. Stability of the localized surface modes will be considered in the next section. Finally, returning to the example with the mechanical particle we consider the last case when the propagation constant bϾ pϩ1/S. In this case potential U has the only unstable stationary point ϭ0 ͑see curve c in Fig. 1͒ . In this case the finite motion is impossible except for the trivial case of zero initial energy UϩT. A particle with nonzero UϩT will go away from ϭ0, which corresponds to infinitely increasing oscillations of the light field so it is useless to speak about surface waves in this case.
IV. STABILITY OF THE LOCALIZED SURFACE WAVES
To investigate the stability of the localized surface waves at the boundary between the linear dielectric and the photorefractive medium with drift and diffusion nonlinearity we use the well-known linear stability analysis which is valid at the initial stage of perturbation development. Note that an earlier linearization technique was used mostly for the analysis of the stability of optical solitons in local medium, where nonlinear perturbation of the refractive index depends solely on the light intensity and does not contain derivatives of light intensity on transverse coordinates ͓25-34͔. In our case, however, the presence of a nonlocal diffusion component of the nonlinear response strongly affects dispersion diagrams ͑profiles of corresponding surface waves͒ and also breaks the assumptions that are usually used for the derivation of widespread VK criterion provided that this criterion ͑if it is applicable in nonlocal materials͒ calls for the separate justification. We will search for the solutions of Eqs. ͑3͒ that describe the propagation of the surface waves with perturbed input profiles of the following form:
where, as earlier, ͑͒ is the real stationary shape of the surface wave; functions u(,) and v(,) are, respectively, the real and imaginary parts of the small (u,vӶ) perturbation. Assumption of the small comparative amplitude of perturbation, which is a quite general condition for the fundamental surface waves with no nodes, is rather restrictive, however, for the surface modes of higher orders. Thus the small perturbation matching this condition should be zero at the points where the corresponding surface mode goes to zero, so a rather narrow class of perturbations can be considered with the aid of the linearization technique for higher-order modes and for proper analysis it is necessary to use nonlinearized equations ͑3͒. Hence, we now concentrate solely on the investigation of the stability of the fundamental modes. Substitution of expression ͑8͒ into shortened wave equations ͑3͒, subsequent linearization, and the derivation of the real and imaginary parts yields the following system of linear equations: 
where linear operators L and R, depending on the transverse coordinate , have the following form in the area of nonlinear photorefractive medium (Ͻ0):
Note that in the area of linear dielectric (у0) operators
One can see from the form of expressions ͑10͒ that unlike for the medium with local nonlinear response the linear operator R is not self-adjoint in the medium with nonlocal diffusion component of nonlinear response due to the presence of the last term, containing the derivative of the first order on coordinate , whereas linear operator L is still self-adjoint. The last circumstance prevents an attempt to perform the standard procedure of derivation of the VK stability criterion, since eigenvalues of the combined operators LR and RL may now be complex ͑this will indicate the presence of perturbations experiencing, besides exponential growth, simultaneous harmonic oscillations along the axis͒, but not purely real ͑such a facts corresponds to the existence of either exponentially growing perturbations or perturbations experiencing harmonic oscillations͒ as it was in the medium with local nonlinear response. The following properties of the operators L and R are Lϭ0, ͑11a͒
will be used further and can be easily verified by direct substitution of , d/d, and d/db into expressions for operators ͑10͒.
We will search for solutions of system ͑9͒ in the form of decomposition on all possible perturbations with various increments
where ␦ is the complex increment ͑growth rate͒ of perturbation, C ␦ is the arbitrary constants, and u ␦ and v ␦ are the complex input profiles of the perturbation. Under the substitution of series ͑12͒ into the linear system ͑9͒ and the equation of terms with the same exponential coefficients exp(␦), one can obtain the following final system of linear equations with real linear operators L and R:
First of all we solved system ͑13͒ numerically, taking into account the vanishing asymptotics of the perturbation at →Ϯϱ and the continuity conditions at the interface between the dielectric and photorefractive medium. We were mainly interested here in the calculation of the dependencies of the real and imaginary parts of the increment ␦ as functions of propagation constant b. Numerical integration shows that for positive values of the guiding parameter p system Eqs. ͑13͒ allow only solutions corresponding to the purely imaginary increments ␦, so perturbed surface waves conserve the input structure upon propagation whereas arbitrary small perturbation will experience harmonic oscillations along the longitudinal axis. Dependence of the imaginary part of the increment ␦ on the propagation constant b for the positive guiding parameter p is presented in Fig. 6͑a͒ . Note that the given value of the propagation constant b can correspond to several perturbation modes with different increments ␦ ͓several solutions of the system ͑13͔͒. As b→pϩS Ϫ1 Ϫ2 2 S Ϫ2 the number of possible perturbation modes infinitely increases ͓Fig. 6͑a͒ shows dependencies Im ␦(b) only for the first three perturbation modes͔ and corresponding values of increments tend to zero. Curves corresponding to the different perturbation modes branch off the strait line Im ␦ϭbϪp. Figures   6͑c͒-6͑e͒ show normalized perturbation profiles ͑u and v components͒ for the propagation constant value bϭ1.4 ͓at this value of propagation constant there exist only three solutions of system ͑13͔͒. Since for positive values of p the increment ␦ is purely imaginary it follows from the system ͑13͒ that at purely real component v component u must be purely imaginary. One can see that despite the fact that the corresponding fundamental surface wave has on nodes ͓Fig. 6͑b͔͒ the lowest order perturbation mode has one node ͓Fig. 6͑c͔͒, the perturbation mode of the next order has two nodes ͓Fig. 6͑d͔͒, etc. With an increase of the perturbation order profiles of u and v components practically coincide ͓Fig. 6͑e͔͒. Note that for the surface modes of the highest orders calculations in the frames of the model ͑8͒-͑13͒ also indicate the absence of exponentially growing perturbations for positive p; however, this fact is not sufficient to prove the stability due to the strong restrictions imposed on the perturbation profile by conditions u, vӶ.
The picture, however, qualitatively changes for the negative values of guiding parameter p. In this case system ͑13͒ allows solutions corresponding to the purely real increment ␦ in the certain interval of the propagation constant values ͓see the inset in the Fig. 7͑a͔͒, i. e., exponentially growing perturbations were found. Outside this interval only solutions cor-responding to the purely imaginary increments exist ͓Fig. 7͑a͔͒. Thus in the case of the medium with a diffusion component of nonlinear response ͑as for the case of the dielectric-Kerr medium boundary ͓2͔͒, at negative values of guiding parameter p we still did not find mixed solutions corresponding to increments with simultaneously nonzero real and imaginary parts, i.e., real and imaginary parts of the increment goes to zero at the same point b 0 . One can clearly shows the dependence of the real part of increment ␦ on the propagation constant b. ͑b͒ shows a profile of the unstable fundamental surface wave for bϭ0.03 whereas ͑c͒ shows profiles of the corresponding normalized perturbation components. ͑d͒ shows a profile of the stable fundamental surface wave for bϭ0.72 whereas ͑e͒-͑g͒ show profiles of the corresponding normalized perturbation components. Guiding parameter pϭϪ0.2, parameters ϭ0.1, S ϭ1.0. All quantities are plotted in arbitrary dimensionless units.
with drift and diffusion nonlinearity are stable if dw/dbϾ0 and unstable if dw/dbϽ0. The latter conclusion that point b 0 where dw/dbϭ0 derives the areas of existence of stable and unstable modes can also be proved analytically if one take into account that in this point b 0 both Im ␦ and Re ␦ goes to zero. When ␦ϭ0 the system ͑13͒ transforms into two independent linear equations for the perturbation components:
Lvϭ0,
͑14͒

Ruϭ0.
In the volume of the photorefractive medium ͑at →Ϫϱ͒ amplitude of the localized surface wave quickly decreases. When amplitude is small enough, nonlinear terms in Eq. ͑4b͒ describing the wave profile can be neglected, provided that asymptotic expressions for the surface wave profile and its transverse derivative are given by ϳd/dϳexp͓(2b 
As far as we consider localized perturbations, substitution of the expressions ͑15͒ for the operators into Eqs. ͑14͒ leads to the following asymptotic expressions for the perturbation profiles: uϳvϳexp͓(2bϪ2p) Substituting perturbation profiles in the form ͑17͒ and operators ͑18͒ into system ͑13͒ and equating the terms of the lowest ͑with respect to the small parameter ͒ orders, one can obtain that indexes lϭ1, kϭn and, for instance, R͉ bϭb 0 u m ͑ ͒ϳ͉͑͒ bϭb 0 .
͑19͒
Upon comparison of expression ͑19͒ with Eq. ͑11c͒ one can conclude that the perturbation profile ͓see formula ͑17͔͒ is proportional to
͑20͒
Further we will use the fact that the perturbation component u is orthogonal to the exact surface wave profile , i.e., 
͑21͒
This expression is a consequence of the first of equations ͑13͒ and can be obtained from the latter equation after its multiplication by and integration over if ones takes into account that linear operator L is self-adjoint and is an eigenfunction of L. Finally substitution of expression ͑20͒ in ͑21͒ leads us to the conclusion that the energy of the fundamental surface modes at the boundary between the linear dielectric and photorefractive medium with drift and diffusion nonlinearity as a function of propagation constant b has a local extremum in the point b 0 that derives the stable and unstable modes just as in the case of the dielectric-Kerr medium boundary ͓1-6͔, i.e., ‫ץ‬ ‫ץ‬b ͵ Ϫϱ ϱ 2 ͑ ͒dϭ0.
͑22͒
Stability of the surface modes in the areas around transition point ͑22͒ for each separate configuration should be considered numerically. We note that for our case modes with dw/dbϾ0 were stable, whereas modes with dw/dbϽ0 were unstable as for the dielectric-Kerr medium boundary. Thus it is shown that VK stability criterion remains legible for the case of solitons in a photorefractive medium even in the presence of a strong diffusion component of nonlinear response ͑numerical integration was performed up to the values of of the order of unity when the influence of the diffusion component is comparable to the influence of focusing drift nonlinearity and strongly affects mode profiles͒.
V. CONCLUSION
In conclusion let us briefly list our main results. We consider surface waves at the interface between the linear dielectric and photorefractive medium with drift and diffusion components of nonlinear response. Using the simple analogy between the surface waves and mechanical particles situated in the certain potential and subjected to the influence of nonlinear friction we have shown that there are three types of surface waves possible at the interface under consideration: delocalized, shock, and localized surface waves. Only the last type of photorefractive surface waves have limited energy. It is shown that the influence of the diffusion component of the photorefractive crystal response results in strong asymmetry of the surface wave profiles. Typical profiles of the localized surface waves and corresponding dispersion diagrams are calculated numerically. We also both numerically and analytically investigated stability of the obtained surface modes and showed that VK stability criterion derived for local saturable or Kerr materials remains legible even in the presence of the strong nonlocal diffusion component of the PRC response.
